A R T I C L E I N F O Keywords: pentaquark system ̄ quark model few-body problem A B S T R A C T Several compact ̄ pentaquark resonances are predicted in a potential quark model. The Hamiltonian is the best available one, which reproduces the masses of the low-lying charmed and strange hadrons well. Full five-body calculations are carried out by the use of the Gaussian expansion method, and the relevant baryon-meson thresholds are taken into account explicitly. Employing the real scaling method, we predict four sharp resonances, = 1∕2 − ( = 5180 MeV, Γ = 20 MeV), 5∕2 − (5645 MeV, 30 MeV), 5∕2 − (5670 MeV, 50 MeV), and 1∕2 + (5360 MeV, 80 MeV). These are the candidates of compact pentaquark resonance states from the current best quark model, which should be confirmed either by experiments or lattice QCD calculations.
Introduction
Observations of candidates of multi-quark hadrons such as tetraquarks , , [1, 2] and pentaquarks [3, 4] gave a great impact to hadron physics community and drove many theoretical discussions. There have been various suggestions for their structures, here in particular for ; compact multiquarks [5, 6, 7, 8, 9] , hadronic molecules [10, 11, 12, 13, 14] , their admixtures [15] and even baryocharmonium [16] . The well established (3872) and recently observed narrow pentaquark states 's (4312, 4440, 4457) are widely expected to emerge as hadronic molecules of long range nature. Yet compact multiquark structure with quark dynamics is an important issue to be investigated when the molecular picture can not explain high energy production processes [17] . In this paper we address this question in a quark model solved by the latest advanced few-body method.
The model we employ is the constituent quark model which accommodates important dynamics of quarks; color confinement and color magnetic spin-dependent interactions. Hadrons are then made of minimum numbers of valence quarks. Incorporating non-relativistic kinetic and potential energies in its Hamiltonian, the model has successfully explained many properties of low-lying conventional hadrons including their quantum numbers, masses and even interactions.
For multi-quark states, however, the situation changes dramatically not only because of more degrees of freedom but also due to couplings to fall-apart (scattering) channels. The latter occurs because multiquarks can be decomposed into more than one color singlet subsets. Considering these aspects two of the present authors (E. H. and A. H.) and collaborators studied the pentaquark systems corresponding to Θ + [18] and [19] in the constituent quark model with the scattering channels in the energy region of the observed states taken into account. They, however, did not find states in the experimentally observed region, but a few narrow states at significantly higher energies.
In these studies, it was found that the coupling to the scattering states is crucially important; many states that could be found in the absence of the coupling disappear when scattering states are taken into account. It was also found that the surviving narrow states with higher energies had a spatially compact structure with little coupling to any scattering states. Hence the five-body analysis considering the fallapart dynamics is essentially important. Yet, other features which are difficult to implement and were not considered, are those of pion dynamics; the pion exchange force and pion emission decays. The former is important for the formation of hadronic molecules with spatially extended structure, the latter appear as three-body decays.
Knowing these merits and demerits of the five-body method, we propose to study the pentaquark state of ̄ . Because of the flavor contents without , quarks, the coupling to the pion can be expected to be suppressed. Possible meson exchange is also suppressed due to their heavier flavor contents such as ̄ or ̄ . Moreover, thresholds of three-body open channels containing strange hadrons appear about 500 MeV above the lowest two-body ones, significantly larger than 200 MeV for the decays accompanying the pion. This work's focus on the ̄ system is furthermore promising for future comparisons between the quark model and lattice QCD calculations [20] , since a lattice calculation would have lowered computational costs due to the absence of the light ( and ) valance quarks. In addition, as the quark model calculation is performed at finite volume, the guidance this work provides can be helpful to understand the finite vol-Short Title of the Article Table 1 The two parameter sets of the employed quark-quark interaction, AP1 and AL1 [21] . ume lattice spectrum better. A related lattice QCD study is currently underway. This paper is organized as follows. After the introduction, the Hamiltonian and the employed computational method are discussed in Secs. 2 and 3, respectively. In Sec. 4, we discuss our results and give a summary in Sec. 5.
Model Hamiltonian
The Hamiltonian of the non-relativistic quark model is given by
where and are the mass and momentum of the ℎ quark, respectively. is the kinetic energy of the center-of-mass motion.
are the color SU(3) Gell-mann matrices for the ℎ quark with color index . We label the strange quarks, as = 1, 2, 3, the charm quark, as = 4, and the anticharm quark̄ as = 5.
We use the quark-quark interaction potential proposed by Semay and Silvestre-Brac [21, 22] , given by
with
This potential consists of the color Coulomb potential, the linear confining part, a (color-electric) constant term and the color-magnetic spin-spin interaction term. The last term comes from a magnetic gluon exchange, where the function in the Breit-Fermi interaction is modified by a cutoff parameter 0 . Note that 0 depends on the reduced quark masses. The two sets of parameter choices appearing in this work, AP1 and AL1, are listed in Table 1 .
The present Hamiltonian is tested by computing the static properties of low-lying baryons and mesons. The calculated masses are given in Table 2 for the AP1 and AL1 parameters together with the corresponding experimental values. In one earlier work, this Hamiltonian was used in a pentaquark system ( ̄ ) calculation [15] . We choose AP1 in our present calculation since it reproduces the relevant thresholds better. In addition, we have tested the AL1 in our five-body calculation also and have confirmed that the results are not qualitatively modified by this alternative choice.
Method
In this section, we briefly discuss our method of numerically solving the five-body Schrödinger equation. We describe the five-body wave function with five types of Jacobi coordinates shown in Fig. 1 .
= 1 and 2 are configurations in which two color-singlet clusters may fall apart along the inter-cluster coordinates ( ) ( = 1, 2) . Namely, for = 1, the color wave function is chosen as the product of color-singlet plus ̄ , which correspond to Ω and ∕ Ω configurations. For = 2, the color wave function is chosen as the product of color-singlet plus ̄ , which correspond to Ω , * Ω , Ω * , and * Ω * configurations. In contrast, the other three configurations, = 3 − 5, do not describe color-singlet subsystems, and represent the five quarks as always connected by a confining interaction. In this sense, we call = 3 − 5 as the "connected" (confining) configurations. r (5) ρ (5) R (5) s (5) Figure 1 : Five sets of the Jacobi coordinate systems. The quarks, labeled as 1 − 3, are to be antisymmetrized, while particles 4 and 5 stand for quark and̄ quark, respectively. Scatterings of + ̄ and + ̄ are described in the coordinate bases = 1 and 2, respectively.
The five-body Schrödinger equation for the total angular momentum and its z-component is given by
We solve it by using the Gaussian Expansion Method (GEM) [23, 24] , which was successfully applied to various types of three-body and four-body systems [25, 26, 27, 28, 29] . The total wave function Ψ is written as a sum of components, each described in terms of one of the Jacobi coordinate bases,
where specifies the set of Jacobi coordinates. ( ) 1 , ( ) , and Φ ( ) represent the color-singlet wave functions, spin wave functions for total spin and spatial wave functions for total orbital angular momentum , respectively.  123 denotes the anti-symmetrization operator for the three quarks (1,2,3).
The color-singlet total wave functions, ( ) 1 , for = 1−5 are chosen as
The spin wave functions for the total spin are given by 
where ,̄ , and represent the spins of the subsystem designated in each definition.
The spatial wave function is expanded by Gaussian basis functions as
where ( , , , ) is defined as
with the Gaussian ranges taken in geometric progression,
The index in the total wave function Ψ given in Eq. 5 is defined as
For completeness, we note that the orbital angular momenta are combined in the order of ((( 1 , 2 ), 3 for the = 1 − 5 channels are 6. 3 for = 1 and 2 equals 10, and for = 3 − 5 are set to 6.
In the present calculation, we investigate both positive and negative parity states. For the negative parity states, we take the total orbital angular momentum as = 0 and the total spin-parity as = 1∕2 − , 3∕2 − , and 5∕2 − . The orbital angular momenta of , , , and for = 1 and 2 are chosen as ( 1 , 2 , 3 , 4 ) = (0, 0, 0, 0), (1, 0, 0, 1), and (0, 1, 0, 1). For = 3 − 5, we set all the orbital angular momenta to 0. For the positive parity states, the total orbital angular momentum is taken to = 1 and the total spin-parity to = 1∕2 + , 3∕2 + , and 5∕2 + . The orbital angular momenta of , , , and for = 1 and 2 are chosen as ( 1 , 2 , 3 , 4 ) = (0, 0, 1, 0), (0, 0, 0, 1), (1, 0, 0, 0), and (0, 1, 0, 0), and for = 3 − 5 are chosen as ( 1 , 2 , 3 , 4 ) = (0, 0, 1, 0).
In diagonalizing the five-body Hamiltonian, we use about 40,000 basis functions for = 1∕2 − , 3∕2 − , 1∕2 + , 3∕2 + , and 15,000 basis functions for = 5∕2 − and 5∕2 + . It should be noted here that all the obtained eigenvalues are discrete. Namely, as the system is computed in a finite volume, even the continuum states corresponding to the baryon-meson scattering solutions come out as discrete states. In earlier works [18, 19] , the real-scaling (stabilization) method [30] was adopted to distinguish genuine resonances from the discretized scattering states. In the present case, we scale the basis functions along (1) and (2) by multiplying all the range parameters simultaneously with a factor as → . Then, any continuum state will fall off towards its threshold, while a compact resonant state should not be affected by the boundary at a large distance.
Results
As a first step, we calculated the spectra without the contributions from scattering states. In these calculations, only the connected Jacobi coordinate bases in Fig. 1 , = 3−5 are included. Solving the Schrödinger equation for = 1∕2 − , 3∕2 − , 5∕2 − , 1∕2 + , 3∕2 + , and 5∕2 + , we obtain the spectra shown in Figs. 2 and 3 . It can be seen in these figures that all eigenvalues are obtained above the lowest meson-baryon thresholds. Because these calculations include only the connected channels = 3 − 5 without contributions from the scattering channels = 1 and 2, all states are stable. We call these states compactified states in the following because they are forces to be so.
In Figs. 2 and 3 , the dashed lines indicate the relevant meson-baryon thresholds, which couple to the shown compactified states. The calculated masses of the excited mesons and baryons corresponding to the thresholds, are given in Table 3 for the AP1 parameters. Here, Ω ′ stand for the first excited states with negative parity, while Ω ′′ represent the positive-parity excited states of Ω baryons. As we neglect the spin-orbit interaction in the current Hamiltonian, the pwave mesons, (1 )( = 0 + , 1 + , 2 + ) and * (1 )(0 + , 1 + , 2 + ), are degenerate. The same happens for Ω ′ (1∕2 − , 3∕2 − ), Ω ′ (1∕2 − , 3∕2 − ), and Ω * ′ (1∕2 − , 3∕2 − ). Note that the lowest and second thresholds in our calculation [Ω + (1 ) and Ω + (1 )] are reversed from the experimental data, which give Ω + (1 )(4663) and Ω + (1 )(4656).
For spin-parity = 1∕2 − , the lowest energy state appears at 4855 MeV, which is above the hidden charm threshold Ω+ ∕ and open charm thresholds Ω + and Ω + * , but below the open charm threshold Ω * + * . The second state is located at 5044 MeV.
For spin-parity = 3∕2 − , the lowest eigenvalue is obtained at 4753 MeV. The second state appears at 4866 MeV which is slightly higher than the lowest state of = 1∕2 − , while the third one shows up at 4998 MeV.
For spin-parity = 5∕2 − , the lowest state is found at 4873 MeV which is higher than all the open charm thresholds and hidden charm thresholds formed by ground states.
The lowest levels of the = 1∕2 + and 5∕2 + channels are located at 5046 MeV and 5050 MeV, respectively. For = 3∕2 + , the lowest eigenvalue appears at 4929 MeV. Compared to the negative parity states, the lowest energy Table 3 The calculated masses (in MeV) of the excited mesons and baryons relevant to the thresholds to be considered.
Hadron AP1
ℎ (1 ) 1 + 3468
levels of positive parity are located above all the thresholds which consist of only ground state baryons and ground state mesons. Next, we consider the contributions from scattering states by including the scattering channels = 1 and 2 in our calculation. According to Ref. [19] , the coupling of the scattering states may cause some of the compactified states to melt into the continuum spectrum.
To investigate the nature of each compactified state, we include the scattering state one by one in the real scaling method calculation. Namely, we scale the range parameter of the Gaussian bases as → for the scattering channel in the Jacobi coordinates of = 1 or 2. The eigenvalues corresponding to scattering states will fall down towards the respective thresholds with the increasing values. At the same time, the resonant states will stay at their energy independently from the scaling factor . With this procedure, we can determine the dominant meson-baryon component for each compactified state. For more details and examples, see Ref. [19] .
Following the above procedure, we now study the coupling of each compactified state to specific scattering states. The results are summarized in Table 4 for negative parity states and in Table 5 for positive parity states. They show that most of the compactified states have significant coupling to some scattering states, and they do not survive as resonances. For instance, one sees that the lowest negative Let us investigate one of the compact resonances in more detail. In Fig. 4 , we show the stabilization plots using the real scaling method for the = 1∕2 − channel. Fig. 4(a) shows the results when only the scattering configurations = 1 and 2 are included. Fig. 4(b) shows the results when all configurations = 1 − 5 are incorporated in the calculation. As one can see, around 5201 MeV, there is a clear difference between only scattering configurations and full configurations. By including the connected configurations = 3 − 5, a resonance structure appears at around 5180 MeV, for which the With such stabilization plots, we can estimate the width of resonance states [30] . The width of the one around 5180
MeV is estimated to be 20 MeV.
With the same method, we studied all other compact resonance structures with different spin-parity quantum numbers. The results are summarized in Table 6 .
To obtain more information about the spatial structures of the lowest = 1∕2 − compact resonance, we calculated the two-body correlation functions of and ̄ for this state. The correlation functions are defined as where 1 and 1 are the relative distances between and ̄ . ̂ 1 and ̂ 1 denote the integral of angular parts of 1 and 1 , respectively. The integral is performed at = 5180MeV and = 1.28. Fig. 5 shows the density distributions of ( 1 ) and 1 2 ̄ ( 1 ) as functions of the distance = = . The peak position of ̄ is found at about 0.25 fm, which is more compact than charmonia ∕ or . The corresponding peak lies at about 0.85fm which is more extended than the Ω baryon.
Summary
In this paper, we have studied ̄ pentaquarks of = 1∕2 − , 3∕2 − , 5∕2 − , 1∕2 + , 3∕2 + , and 5∕2 + . The potential quark model is used to analyze the spectrum and resonance energies are obtained from the most precise five-body calculation available to date.
The key findings of our calculation can be summarized as follows.
(1) Our Hamiltonian is taken from Semay and Silvestre-Brac (SSB) [21, 22] . As is shown in Tables 2 and 3 ( 1 ) and 1 2 ̄ ( 1 ) as functions of the distance = 1 = 1 rent pentaquark systems. This is very important to guarantee the correctness of the quark dynamics in the strange and charm sectors, and also to compare our results with the real (observed) spectrum that is influenced strongly by the open channel thresholds. In this sense this is the best available potential for the present calculation.
(2) In order to estimate the systematic uncertainties of the model, we have compared two sets of parameter choices of the SSB potential, AP1 and AL1. The main results shown above are for the AP1 potential, which fits the observed data better than AL1. However we have found that the pentaquark resonances for AL1 come out at similar energies as AP1. For instance, we find a sharp 1∕2 − resonance at 5220 MeV with a width of 25 MeV (AL1), compared to 5180 MeV with a width of 20 MeV (AP1).
(3) For the given Hamiltonian, we have solved the ̄ states as precisely as possible. The Gaussian expansion method (based on the variational principle) is employed for the full five-body system. In our five-body calculation, we include all relevant meson-baryon scattering channels (Cf. = 1, 2 of Fig. 1 ) such as Ω + , Ω + ∕ , Ω * + * , and so on. As a result, we need more than 40,000 basis functions for this system. To distinguish two-body scattering states and compact resonant states, we have employed the real scaling method (stabilization method) which has been successfully applied in previous studies [18, 19] .
(4) There, however, is a caveat in the current quark model. As neither ̄ creations nor explicit mesons are introduced, the model Hamiltonian cannot describe meson exchange interactions between hadrons. It was pointed out that the ( ̄ ) pentaquarks observed by LHCb can be realized as molecular-type Σ +̄ and Σ +̄ * resonances due to the attractive pion (meson) exchange potential. Such resonance states may not appear in the present calculation because once the two color-singlet hadrons are separated in = 1, or 2 in Fig. 1 , there is no interaction between them.
Within these conditions, we predict four sharp resonances:
= 1∕2 − ( = 5180 MeV, Γ = 20 MeV), 5∕2 − (5645 MeV, 30 MeV), 5∕2 − (5670 MeV, 50 MeV), and 1∕2 + (5360 MeV, 80 MeV) for the AP1 potential. They reside rather high up, excited by more than 500 MeV, from the lowest thresholds, Ω + or Ω+ ∕ . Nevertheless, they all happen to be compact five-quark states, as is shown in the calculated density distribution of Fig. 5 , whose coupling to baryon-meson scattering channels are weak.
Thus we conclude that the potential quark model predicts compact pentaquark resonances through the full fivebody calculation. It would be interesting to observe such sharp and compact pentaquarks in future experiments, although the production cross section of two charm and three strange quarks may be tiny. If these states are observed, they would become a strong support of the quark dynamics described by the quark model Hamiltonian, such as the quark confinement mechanism and spin dependent structures.
Another way of confirming our prediction is to investigate the resonance spectrum from lattice QCD calculations. As these pentaquarks contain only charm and strange quarks, we expect the reliability of the lattice simulation to be better than for systems with light ( and ) quarks. Such a calculation is now in progress in our group.
